Introduction
In recent years, piezoelectric materials have been integrated with structural systems to form a class of ''smart structures.'' The piezoelectric materials are capable of altering the structure's response through sensing, actuation and control. By integrating surface-bonded and embedded actuators into structural systems, desired localized strains may be induced by applying the appropriate voltage to the actuators.
In order to successfully incorporate piezoelectric actuators into structures, the mechanical interaction between the actuators and the base structure must be fully understood. Mechanical models were developed by Crawley and de Luis ͓1͔, Im and Atluri ͓2͔, Crawley and Anderson ͓3͔, and others for piezoelectric patches mounted to top and/or bottom surfaces of a beam. Lee ͓4͔ developed a theory for laminated plates with distributed piezoelectric layers based on the classical lamination theory. Wang and Rogers ͓5͔ applied the classical lamination theory to plates with surfacebonded or embedded piezoelectric patches. A coupled first-order shear deformation theory for multilayered piezoelectric plates was presented by Huang and Wu ͓6͔. Mitchell and Reddy's ͓7͔ coupled higher-order theory is based on an equivalent single-layer theory for the mechanical displacements and layerwise discretization of the electric potential. Numerous finite element studies have also been conducted ͑e.g., see Robbins and Reddy ͓8͔, Ha et al. ͓9͔, Heyliger et al. ͓10͔ , and Batra and Liang ͓11͔͒.
Vlasov ͓12͔, Pagano ͓13,14͔, and Srinivas and Rao ͓15͔ obtained three-dimensional analytical solutions for simply supported, laminated anisotropic elastic plates. Their method has been extended by Ray et al. ͓16͔ and Heyliger and Brooks ͓17͔ to study the cylindrical bending of laminated piezoelectric plates. Analytical solutions for the static behavior of a homogeneous simply supported, piezoelectric rectangular plate was given by Bisegna and Maceri ͓18͔ and Lee and Jiang ͓19͔. Heyliger ͓20,21͔ provided a three-dimensional solution for the static behavior of multilayered piezoelectric rectangular plates. All the aforementioned three-dimensional solutions are restricted to piezoelectric laminates whose edges are simply supported and electrically grounded. Such solutions are useful for validating new or improved plate theories ͓͑22͔͒ and finite element formulations ͓͑10,23͔͒. However, simply supported boundary conditions are less frequently realized in practice and they do not exhibit the well-known singular effects observed near clamped or tractionfree edges. The available analytical solution techniques for threedimensional deformations are incapable of analyzing laminates with clamped or traction-free edges and/or when the edges are electrically in contact with a low-permittivity medium like air, wherein the normal component of the electrical displacement vanishes.
The Eshelby-Stroh formalism ͓͑24-26͔͒ provides exact solutions to the governing differential equations of anisotropic materials under generalized plane-strain deformations in terms of arbitrary analytical functions. Vel and Batra ͓27,28͔ adopted a series solution for the analytic functions to analyze the generalized plane-strain deformation of laminated elastic plates subjected to arbitrary boundary conditions, and the cylindrical bending of a laminated elastic plate with embedded or surface mounted piezoceramic patches. Recently, Vel and Batra ͓29͔ generalized the Eshelby-Stroh formalism to study the three-dimensional deformations of laminated elastic rectangular plates with arbitrary boundary conditions. Here we extend this method to multilayered piezoelectric plates subjected to arbitrary boundary conditions. The edges of each lamina may be subjected to mechanical and electrical boundary conditions different from those on the adjoining laminae. The governing differential equations are solved exactly and various constants in the resulting series solution are determined from the boundary conditions at the edges and the continuity conditions at the interfaces. This results in an infinite system of equations in infinitely many unknowns. By retaining a large number of terms in the series solution, the mechanical displacements, stresses, electric potential, and electric displacement can be computed to any desired degree of accuracy. Results are presented for thick piezoelectric plates with two edges simply supported and the other two edges subjected to arbitrary boundary conditions. These results can be used to assess the accuracy of different plate theories and finite element formulations.
Formulation of the Problem
We use a rectangular Cartesian coordinate system, shown in Fig. 1 , to describe the infinitesimal quasi-static deformations of an N-layer piezoelectric laminated plate occupying the region ͓0,L 1 ͔ϫ͓0,L 2 ͔ϫ͓0,L 3 ͔ in the unstressed reference configuration.
The vertical positions of the bottom and top surfaces as well as of the NϪ1 interfaces between the laminae are denoted by L 3
The equilibrium equations and charge equations of electrostatics in the absence of body forces and free charges are
where jm are the components of the Cauchy stress tensor and D m the electric displacement. A comma followed by index m indicates partial differentiation with respect to the present position x m of a material particle, and a repeated index implies summation over the range of the index.
The constitutive equations of a linear piezoelectric medium are ͓͑30͔͒ jm ϭC jmqr qr Ϫe r jm E r , D m ϭe mqr qr ϩ⑀ mr E r ,
where qr are the components of the infinitesimal strain tensor, E r the electric field, C jmqr the elasticity constants, e r jm the piezoelectric moduli, and ⑀ mr the electric permittivity. The infinitesimal strain tensor and electric field are related to the mechanical displacement u q and electric potential by
We will interchangeably use the direct and indicial notation. The stored energy density W for a piezoelectric medium is given by ͓͑30͔͒
The symmetry of the stress and strain tensors and the existence of the stored energy function imply the following symmetry conditions:
C jmqr ϭC m jqr ϭC qr jm , e r jm ϭe rm j , ⑀ mr ϭ⑀ rm .
In the most general case, there are 21 independent elastic constants, 18 independent piezoelectric moduli, and 6 independent dielectric permittivities. Material elasticities are assumed to yield a positive stored energy density for every nonrigid deformation and/or nonzero electric field. That is,
for every real nonzero jm and E m . The total stored energy U of the piezoelectric laminate is given by
where Rϭ͓0,L 1 ͔ϫ͓0,L 2 ͔ϫ͓0,L 3 ͔. The displacement or traction components and electric potential or normal component of the electric displacement on the edges x 1 ϭ0, L 1 ; x 2 ϭ0, L 2 ; and on the bottom and top surfaces are specified as 
with I being the 4ϫ4 identity matrix. For example, if the surface x 1 ϭ0 is rigidly clamped and electrically grounded then I u (1) ϭI, The interface conditions on the material surfaces x 3 ϭL 3 (2) , . . . ,L 3 (n) , . . . ,L 3 (N) may be specified as follows: ͑a͒ If the surface x 3 ϭL 3 (n) is an interface between two laminae, the mechanical displacements, surface tractions, electric potential, and the normal component of the electric displacement between them are taken to be continuous. That is
Here ͠u͡ denotes the jump in the value of u across an interface. Thus the adjoining laminae are presumed to be perfectly bonded together.
͑b͒ If the surface x 3 ϭL 3 (n) is an electroded interface, then the potential on this surface is a known function f (x 1 ,x 2 ) while the normal component of the electric displacement need not be continuous across this interface, i.e.,
We assume that the electrode is of infinitesimal thickness and ignore its influence on the mechanical deformations of the structure.
A Solution of the Governing Differential Equations
We construct a local coordinate system x 1 (n) ,x 2 (n) ,x 3 (n) with local axes parallel to the global axes and the origin at the point where the global x 3 -axis intersects the bottom surface of the nth lamina. In this local coordinate system, the nth lamina occupies the region ͓0,l 1 ͔ϫ͓0,l 2 ͔ϫ͓0,l 3 (n) ͔, where l 1 ϭL 1 , l 2 ϭL 2 and l 3 (n) ϭL 3
ϪL 3 (n) . We drop the superscript n for convenience with the understanding that all material constants and variables belong to this lamina.
The Eshelby-Stroh formalism ͓͑24-26͔͒ provides a solution for the generalized plane-strain deformations of a linear elastic/ piezoelectric anisotropic material. We extend it to threedimensional deformations by assuming that
where a and p are possible complex constants to be determined, k 1 and k 2 are known integers, and iϭͱϪ1. The chosen displacement and potential field has a sinusoidal variation on the x 1 Ϫx 2
Fig. 1 An N-layer laminated piezoelectric plate
plane with an arbitrary exponential variation in the x 3 -direction; k 1 and k 2 determine the period of the sinusoidal terms in the x 1 and x 2 -directions respectively. From Eqs. ͑12͒, ͑3͒, and ͑2͒ we obtain jm ϭi͑C jmqr a q ϩe r jm a 4 ͒ ͩ
Here ␦ i j is the Kronecker delta ͓͑30͔͒. Substitution of ͑13͒ into ͑1͒
gives equations which can be written as
where a C ϭ͓a 1 ,a 2 ,a 3 ͔ T , the matrices Q C ,R C ,T C are related to the elastic constants C jmqr by
the vectors q e , r e , s e , and t e are related to the piezoelectric moduli e r jm by
t j e ϭ 1 l 3 2 e 3 j3 , and the scalars q ⑀ , r ⑀ , s ⑀ , and t ⑀ are related to the electric permittivity ⑀ jr by
It should be noted that s ⑀ ϭr ⑀ due to the symmetry restriction ͑5͒ 3 on the electric permittivity tensor. The two equations in ͑14͒ can be combined as
where
(19) Following the method used by Suo et al. ͓31͔ for generalized plane deformations of piezoelectric materials, we can prove that the eigenvalues p of ͑18͒ cannot be real. Since the matrices Q, R, and T in ͑18͒ are real, there are four pairs of complex conjugate values for p.
where a bar superimposed on a quantity denotes its complex conjugate. For distinct p ␣ we can superpose eight solutions of the form ͑12͒ to obtain
where Aϭ͓a 1 ,a 2 ,a 3 ,a 4 ͔, c is an arbitrary 4ϫ1 vector of unknown complex coefficients, ͗(p * )͘ϭdiag͓(p 1 ), (p 2 ),(p 3 ),(p 4 )͔, and conjugate stands for the complex conjugate of the explicitly stated term. We obtain the following expressions for the stress tensor and electric displacement by superposing eight solutions of the form ͑13͒,
The expressions ͑21͒ and ͑22͒ are valid when the eigenvalues p ␣ are distinct, or if they are not, there exist eight independent eigenvectors a ␣ . If an eigenvalue is repeated r times (2рrр4) and it does not have r corresponding independent eigenvectors, then ͑21͒ and ͑22͒ need to be modified appropriately. The procedure is similar to that given for elastic laminates by Vel and Batra ͓29͔.
A Series Solution
The complete double Fourier series expansion constructed to satisfy the boundary/interface conditions on the surfaces x 3 (n) ϭ0, l 3 (n) is obtained by superposing solutions of the form ͑21͒. In the following equations the first superscript n denotes the nth lamina and the second superscript 3 indicates that the series terms have a double Fourier series expansion on the planes x 3 (n) ϭ0 and l 3 (n) . The dependence of the eigenvalues and eigenvectors on k 1 and k 2 is indicated by the subscripts.
͔͖ϩconjugate.
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The terms involving k 0 (0,1) play the role of the constant term in the double Fourier series expansion and
vary sinusoidally on the surfaces x 3 (n) ϭ0, l 3 (n) and exponentially in the x 3 (n) -direction. The inequality ͑20͒ 1 ensures that all functions decay exponentially towards the interior of the nth lamina.
Similar expressions can be written for ͓u (n,1) , (n,1) ͔ T and ͓u (n,2) , (n,2) ͔ T which have a complete double Fourier series expansion on the side surfaces x 1 (n) ϭ0,l 1 and x 2 (n) ϭ0,l 2 respectively. The mechanical displacement, electric potential, stress, and electric displacement fields for the nth lamina are
The unknowns c (k 1 ,k 2 ) (n,s)
and 
Satisfaction of Boundary and Interface Conditions
The boundary conditions ͑8͒ on the surfaces x s ϭ0, L s and continuity conditions ͑10͒ or ͑11͒ on the interfaces x 3 ϭL 3 (2) , L 3 (N) are satisfied by the classical Fourier series method, resulting in a system of linear algebraic equations for the unknown coefficients c (k 1 ,k 2 ) (n,s) and d (k 1 ,k 2 ) (n,s) . On the bottom surface
(1) ϭ0, we extend the component functions in ͑26͒ defined on ͓0,l 1 ͔ϫ͓0,l 2 ͔ to the interval ͓Ϫl 1 ,l 1 ͔ϫ͓Ϫl 2 ,l 2 ͔. The functions (1) ) is suitably extended. We multiply ͑8͒ 1 corresponding to sϭ3 by exp͓i(k 1 x 1
(1) /l 1 ϩk 2 x 2
(1) /l 2 ͔ and integrate the result with respect to x 1
(1) and x 2 (1) over the interval ͓Ϫl 1 ,l 1 ͔ϫ͓Ϫl 2 ,l 2 ͔ to obtain
, where Z ϩ and Z Ϫ denote the sets of positive and negative integers, respectively. The same procedure is re-
On the side surfaces x 1 (n) ϭ0,l 1 the functions are extended over the interval ͓Ϫl 2 ,l 2 ͔ϫ͓Ϫl 3 (n) ,l 3 (n) ͔ in the x 2 (n) Ϫx 3 (n) plane. We then multiply ͑8͒ corresponding to sϭ1 by exp͓i(k 2 x 2 (n) /l 2 ϩk 3 x 3 (n) /l 3 (n)
)͔ and integrate the result with respect to x 2 (n) and x 3 (n) over ͓Ϫl 2 ,l 2 ͔ϫ͓Ϫl 3 (n) ,l 3 (n) ͔. A similar procedure is used to satisfy the boundary conditions ͑8͒ corresponding to sϭ2 on the surfaces x 2 (n) ϭ0,l 2 . Substitution from ͑26͒ into ͑27͒ and the other equations that enforce the boundary conditions on the top surface, the interfaces between adjoining laminae and the side surfaces leads to an infinite set of linear algebraic equations for the infinitely many unknown coefficients c (k 1 ,k 2 ) (n,s) and d (k 1 ,k 2 ) (n,s) . A general theory for the solution of the resulting infinite system of equations does not exist. However, reasonably accurate results can be obtained by truncating k 1 and k 2 in ͑24͒ to K 1 and K 2 terms, respectively. The series involving summations over k 1 and k 2 in the expression for ͓u (n,1) , (n,1) ͔ are truncated to K 2 and K 3 (n) while those for ͓u (n,2) , (n,2) ͔ are truncated to K 3 (n) and K 1 terms. In general, we try to maintain approximately the same period of the largest harmonic on all interfaces and boundaries by choosing K 3 (n) ϭCeil(K 1 l 3 (n) /l 1 ) and K 2 ϭCeil(K 1 l 2 /l 1 ), where Ceil(y) equals the smallest integer greater than or equal to y. Thus, the size of the truncated matrix will depend solely on the choice of K 1 .
Results and Discussion
Problems studied by Heyliger ͓20͔ and Heyliger et al. ͓10͔ were analyzed by the present method with K 1 ϭ200, and the two sets of results matched very well. As shown below, satisfactory results can be computed even with K 1 ϭ50.
We present results for laminated plates with each lamina made of either graphite-epoxy ͓͑22͔͒, PVDF ͓͑10,32͔͒ or PZT-5A ͓͑22͔͒ with nonzero values of material variables listed in Table 1 . We treat the graphite-epoxy layer as a piezoelectric material with the piezoelectric moduli set equal to zero, and solve for the electric field in the graphite-epoxy layer which is uncoupled from the elastic field. In this section we denote the thickness of the laminate by H(ϭL 3 ).
Although our solution is applicable to laminates with general boundary conditions on all four edges, here we consider laminated piezoelectric plates that are simply supported and electrically grounded on the opposite edges x 2 ϭ0 and L 2 , i.e., u 1 ϭu 3 ϭ0, 22 ϭ0, ϭ0, and the other two edges subjected to various boundary conditions. The reason for this choice is that if each Table 1 Nonvanishing material properties of the graphiteepoxy, PVDF, and PZT-5A lamina is made of a monoclinic material of crystal class m ͑see ͓33͔͒, then the boundary conditions at the edges x 2 ϭ0,L 2 are identically satisfied by the following mechanical displacement and electric potential distributions:
The equilibrium and charge equations will yield coupled partial differential equations for f ␣ (x 1 ,x 3 ), (␣ϭ1, . . . ,4). Thus, we need only one term, namely k 2 ϭ, in the x 2 -direction in the double Fourier series expansion and the size of the truncated matrix is greatly reduced. PVDF and graphite-epoxy are orthorhombic materials of crystal class mm2 and PZT-5A is a hexagonal material of crystal class 6mm, all of which belong to the group of monoclinic materials of crystal class m.
The edges x 1 ϭ0,L 1 may be either clamped ͑C͒ with u 1 ϭu 2 ϭu 3 ϭ0, or free of traction ͑F͒ with 11 ϭ 12 ϭ 13 ϭ0 or simply supported ͑S͒ with u 1 ϭu 3 ϭ0, 11 ϭ0. We append P when the edge is electrically grounded (ϭ0) or D when the normal component of the electric displacement is set to zero, i.e., D 1 ϭ0. For example, FP-FP denotes a laminated plate that is traction-free and electrically grounded on the edges x 1 ϭ0 and L 1 . In this notation, all analytical three-dimensional solutions available to date ͓͑18-21͔͒ are for piezoelectric laminates that have all four edges subjected to SP boundary conditions. 6.1 PVDF Cross-Ply Laminate. Consider a two-ply square laminate with the bottom and top layers made of 0 deg PVDF and 90 deg PVDF, respectively. The material properties of the 90 deg PVDF may be inferred from those of the 0 deg PVDF given in Table 1 . Both layers are of equal thickness, L 1 /Hϭ5 and L 1 ϭ1.0 m. The interface is electroded and conditions ͑11͒ are enforced with f (x 1 ,x 2 )ϭ0 on x 3 ϭH/2. The following two electromechanical loading cases are considered: ͑i͒ Mechanical load:
Results for combined mechanical and electrical loads can be obtained by superposition of the solutions corresponding to loads ͑i͒ and ͑ii͒.
The effect of truncation of the series on the accuracy of the solution is investigated for the two-ply laminated plate with two opposite edges simply supported and grounded and the other two edges subjected to FD-FD boundary conditions. Computed results for various quantities at specific points in the laminate are listed in Table 2 for the case of the mechanical loading. The following nondimensionalization has been used:
where C 0 ϭ23.60 GPa and e 0 ϭϪ0.145 Cm Ϫ2 are representative values of the elastic and piezoelectric moduli for a PVDF ͑Table Table 2 Convergence study for a †0 deg PVDFÕ90 deg PVDF ‡ square laminate subjected to mechanical load, L 1 ÕHÄ5 1͒. These results show that the mechanical displacements ũ 1 and ũ 3 , transverse shear stress 13 and electric potential converge rapidly, but the axial stress 11 and transverse component D 3 of the electric displacement converge slowly. The upper and lower values of the transverse displacement ũ 3 and transverse shear stress 13 are at corresponding points on the two sides of the interface between the laminae. As is evident, the interface continuity conditions are also satisfied very well with increasing K 1 . The difference in the values of 11 (H) and 13 (H ϩ /2) for K 1 ϭ150 and 200 is 0.15 percent and 0.16 percent, respectively. The total stored energy Ũ exhibits monotonic convergence from above and has converged to four decimal places for K 1 ϭ50. While k 0 in ͑24͒ was chosen to be 0.5 for this study, a similar convergence behavior was observed for other values of k 0 . Table 3 presents a convergence study for the case of electric loading wherein the nondimensional variables are defined as
Here ⑀ 0 ϭ1.0607ϫ10 Ϫ10 F/m is the typical magnitude of the electric permittivity of a PVDF. In this case too, the mechanical displacements, electric potential, and transverse shear stress converge faster than the longitudinal stress and transverse component of the electric displacement. The total stored energy for the electrical loading converges monotonically from below, in contrast to the case of the mechanical loading where the convergence is from above. Thus for the combined mechanical and electrical loading, the total stored energy may not converge monotonically. Results presented below are for K 1 ϭ200.
Electric potential is induced in the laminate due to the application of the mechanical load. The through-thickness distribution of the electric potential at the midspan is shown in Fig. 2 corresponding to three different boundary conditions. The electric potential distribution within each layer is parabolic and the magnitude depends on the boundary condition at the edge. Figure 3 depicts for the mechanical and electric loading the through-thickness distribution of the transverse displacement, longitudinal stress, and transverse shear stress for three different sets of boundary conditions at the edges x 1 ϭ0,L 1 . The transverse displacement essentially remains independent of the thickness coordinate for mechanical loading, as is usually assumed in the theory of laminated elastic plates. When subjected to an electric load, the top and bottom surfaces exhibit larger transverse displacement than the midplane. The longitudinal stress 11 is discontinuous across the Fig. 2 Influence of the boundary conditions on the throughthickness distribution of the potential due to a mechanical load for the †0 deg PVDFÕ90 deg PVDF ‡ laminate Fig. 3 Influence of the boundary conditions on the through-thickness distribution of the transverse displacement, longitudinal stress, and transverse shear stress for the †0 deg PVDFÕ90 deg PVDF ‡ laminate subjected to "a… mechanical load and "b… electrical load interface due to the change in material properties between the laminae. The longitudinal stress is largest in magnitude on the bottom surface for the mechanical loading and on the 0 deg PVDF side of the interface for the electrical loading. The maximum transverse shear stress 13 occurs at about x 3 Ӎ0.3H for the case of the mechanical loading and is largest when the edges are clamped. When subjected to the electrical load, the maximum transverse shear stress occurs on the interface when the edges are simply supported or traction-free and at x 3 Ӎ0.3H when the edges are clamped.
The axial variation of the induced electric displacement component D 3 on the 0 deg PVDF side of the interface is shown in Fig. 4͑a͒ for the mechanical loading. The result is plotted over only half the span since it is symmetric about the midspan. When the edges are simply supported and grounded, i.e., SP boundary conditions, D 3 is largest at the midspan and vanishes at the edges x 1 ϭ0,L 1 . In the case of SD and CD boundary conditions, D 3 is essentially uniform over the middle eight-tenth of the span but varies from Ϫ19 at x 1 ϭ0 to Ϫ1 at x 1 ϭ0.1L 1 . This rapid change in D 3 near the edges has not been investigated in detail. The large electric displacements could lead to dielectric failure at the edges when the laminate is subjected to only a moderate mechanical load. The shear stress 13 on the interface due to an electric load is antisymmetric about the midspan and is shown in Fig. 4͑b͒ . A thorough study of this rapid change in 13 at the edges except when they are simply supported and grounded, necessitates the use of special functions and has not been pursued here. The shear stress at the edges seems to be singular for SD and CD boundary conditions and could lead to delamination failure at the edges even for moderate electrical loads. Such large stresses were also observed at the edges of piezoelectric layers by Batra et al. ͓34͔ and Robbins and Reddy ͓8͔. Figures 5͑a͒ and ͑b͒ show the transverse deflection of the midplane for the case of the mechanical and electrical load, respectively, when two of the edges are clamped or traction-free. The transverse deflection of a laminate that is simply supported and electrically grounded on all four edges has the double-sinusoidal shape of the applied mechanical ͑29͒ or the electrical load ͑30͒, and is not depicted. This is not true when two of the edges are clamped or traction-free. The transverse deflection at the center of the plate is largest when two edges are traction-free and smallest when they are clamped. The transverse deflection near the clamped edges is opposite in direction to that at the center of a Transactions of the ASME CD-CD laminate when subjected to the electric load.
The present method can also analyze laminated plates when the edges of each lamina are subjected to boundary conditions different from those on the corresponding edge of the adjoining laminae. As an example, consider the configuration denoted by ͑CD, FD͒-͑CD,FD͒ wherein the bottom lamina of the two-ply laminated plate is clamped at x 1 ϭ0 and L 1 and the corresponding edges of the top lamina are traction-free with the normal component of the electric displacement set equal to zero for both laminae. Figure 6 depicts the through-thickness distribution of the transverse shear stress 13 on three sections when the laminate is subjected to the electric load. As we approach the edge, the point of the maximum transverse shear stress in the 0 deg PVDF lamina shifts closer to the interface and it is accompanied by large gradients. Numerical results at specific points in the laminate for four sets of boundary conditions given in Table 4 can be used to compare predictions from various plate theories and finite element solutions.
6.2 Graphite-Epoxy and PZT-5A Hybrid Laminate. Consider a three-ply square laminate with the bottom and middle layers made of graphite-epoxy with fibers parallel to the x 1 and x 2 directions, respectively, and the topmost layer made of PZT-5A, i.e., ͓0 deg GE/90 deg GE/PZT-5A͔. The graphite-epoxy layers are of thickness 0.4H, the PZT-5A layer is of thickness 0.2H, L 1 /Hϭ5 and L 1 ϭ1.0 m. Interface conditions ͑10͒ are assumed between the graphite-epoxy laminae. The interface between the PZT-5A and its neighboring graphite-epoxy lamina is electroded and grounded. The bottom surface of the laminate is traction-free and the following two electromechanical loadings are considered for the top surface:
3 (x 1 ,x 2 ,H)ϭ0. The nondimensionalizations ͑31͒ and ͑32͒ are used with C 0 ϭ99.201 GPa and e 0 ϭϪ7.209 Cm Ϫ2 ; they are representative values of the elastic and piezoelectric moduli of a PZT-5A. Figure  7͑a͒ depicts the through-thickness distribution of stresses for the mechanical loading. The longitudinal stress is approximately piecewise affine. The transverse shear stress 13 is larger when the edges are clamped than when they are simply supported or traction-free. The shear stress 23 attains the maximum value in the 90 deg GE lamina and is largest when the edges are tractionfree. The corresponding through-thickness variation of the stresses for the electric loading is shown in Fig. 7͑b͒ . The longitudinal stress 11 on the PZT-5A side of the interface is larger than that at other points. The maximum value of the transverse shear stress 13 is at the interface between the PZT and the substrate for simply supported and traction-free boundary conditions and occurs in the 0 deg GE lamina for the clamped boundary condition. The maximum value of the transverse shear stress 23 is at the interface between the PZT and the substrate for all three boundary conditions. Figures 8͑a͒ and ͑b͒ show the axial variation of the transverse shear stress 13 on the mid-surface of the PZT-5A layer for three different boundary conditions. They exhibit rapid variations at the edges except when the edges are simply supported and electrically grounded. Further results at specific points are given in Table 5 for the three sets of boundary conditions.
Conclusions
We have extended the Eshelby-Stroh formalism to study the three-dimensional deformations of thick piezoelectric laminates subjected to arbitrary boundary conditions at the edges. The equations of static, linear, piezoelectricity are satisfied at every point of the body. The analytical solution is in terms of an infinite series; the boundary conditions and the continuity conditions at the interfaces between the laminae are used to determine the unknown coefficients. By keeping a large number of terms in the series solution, the mechanical displacements, stresses, electric potential, and electric displacement can be computed to any desired degree of accuracy.
We have computed results for a two-ply ͓0 deg PVDF/90 deg PVDF͔ laminate and a three ply ͓0 deg GE/90 deg GE/PZT-5A͔ hybrid laminate that is simply supported and electrically grounded on two opposite edges and subjected to various mechanical and electrical boundary conditions at the remaining two edges. The effect of either mechanically clamping the edges, simply supporting them or leaving them traction free and prescribing either the electric potential or the normal component of the electric displacement to vanish, has been delineated. It is observed that the solution, valid for thick plates, exhibits sharp variations near the edges except when they are simply supported and electrically grounded.
It is found that for the two-ply laminate, the total stored energy converges monotonically from above for the mechanical loading and from below for the electric loading. When the normal component of the electric displacement is prescribed to be zero at the edges, the longitudinal distribution of the component of the electric displacement in the thickness direction exhibits, near the edges, rapid variations in a region of width 0.1L where L equals the span of the square plate. However, the width of such a layer equals 0.02L for the longitudinal distribution of the transverse shear stress. For a sinusoidal loading on the top surface, the deflected shape of the midsurface is sinusoidal only when all four edges are simply supported. When the two opposite edges of the upper PZT layer are free but that of the lower one are clamped, most severe deformations occur at points on the interface where the free edge meets it.
For the three-ply hybrid laminate, the axial variation of the transverse shear stress on the midsurface of the PZT layer exhibits sharp variations in a region of width 0.1L near the clamped and traction free edges. The maximum value of the transverse shear stress occurs at a point on the interface between the PZT and the substrate when the edges are either simply supported or tractionfree but at a point within the 0 deg graphite-epoxy lamina when the edges are clamped. The tabulated results presented herein should help establish the validity of various approximate theories. Finally we note that edge singularities, if any, have not been delineated by using special functions. The present technique seems to capture adequately the sharp variations in the fields near the clamped and traction-free edges but neither gives the order of the singularity nor its precise width. The interested reader should consult Ting ͓26͔; Vel and Batra ͓27͔ have commented on this for a generalized plane-strain problem. Table 5 Mechanical displacement, stresses, electric potential, and electric displacement at specific locations of a square †0 deg GEÕ90 deg GEÕPZT-5A ‡ laminate for various boundary conditions, L 1 ÕHÄ5
